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.OTiC"!    V.jVJB 


e-i.i::o:lrlorul   \r.^.Lct. 


The  rclltctlnx:   of   a   ?^rcL,:;:t    ahrck 

ibocka,    «n,i  t.ia  cclilalc.-.  of   -to   s;  jcks   in   the 

:Jor  r.Vi.rcalclr.c    ar.cfc  ctho",    ws.3   Invect.: 


(;-ari  "jy  /:)n  i(!:i;^.ru5  1  r.  >  ■;':;\;jrl;  :;:  ..  l^'O.  'J,    ^.  :C. 
D  nr.i   t-i  vr.e   r^e. -.iirr-r.-ia  r.'fjrrsc  t;  '.-.herciir: ).   !'r-c:n 
c'lcl-  cci:  UilcTTs  not  pnJL:r^_i;icc'.c5  ti;-;.  cl3c  I'ait-rnc-Jicri 

•'  "■-"^►.rsf.t  fllar.cntLr.i::  :;i6d  ■  ca-  r.ja-ilc :'' :. 
?c>  cVtalr  a  complete  ur-ior-jr.crjcilrr  nf  t>:e  ponalbj  e 

tC  cir^-.>r  ilniiitlsa  In  a  linear 
.^obion  of  2  cc-nrcEi.ib.'.s  ;.i3.  It  senna  therafcfe 
natural  to  consider  ahooka,  rarefaction  waves  end  -  - 
contact  discontinuities  or  the  same  foatlnr,  i.e., 
to  atudj  the  effect  of  the  Interaction  of  an^  two 
or  more  of  thocu   The  present  -lomorandun  is  con- 
cerned with  the  aysteniEtio  study  of  such  posa'ltle 


(-:>)  A  "contact  ilacor.tinulty"  cr  "contoct  Bjr*"ace 
occurs  v;hen  two  inyers  of  caa  in  contact  have  the 
3a:ae  prosjT-re  and  velocity,  tat  .different  densities 
ard  (naturally)  different  entropies  and  te:iperature3  = 
Tlse  laportonca  of  these  contact  discontinuities  for 
the  understandlr.p  of  the  ohen:-.cna  was  clearly  re- 
cognized by  von  Ilauinann. 
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Interactlona  In  one-dl-ncnslonal  notions  of  com- 
pressible fttses  or  fluids. 

Phenonona  of  'his  kind  may  be  produced  by 
lettlnc  two  piston-  act  at  both  ends  of  a  tube 
filled  with  £03.       he  effect  aay  consist  In  shocks 
or  rarefaction  wa'  >s  aovlng  toward  each  other  or 
followlne  each  ot.  art  or.  In  cose  of  "contact 
surfaces",  shockc  or  rarefaction  waves  passing  from 
one  layer  Into  a.  jther.   As  soon  as  two  waves  or 
shocks  meet,  or  ne  crosses  a  contact  layer,  a 
rather  cosapllcat  id  cas-flynamlcal  process  will  becln. 
However,  In  luut.-  cases  this  complicated  process  of 
"penetration",  e  fcher  Immediately  (»)  or  after  some 
time,  results  1-  a  nuch  simpler  "temlnal"  state, 
characterised  ty  two  (either  shock  or  rarefaction) 
waves  which  HOT s  steadily  awny  from  each  other  and 
are  separated  ty   a  region  of  constant  pressure  and 
particle  velocity.  In  this  intermediate  region  new 
contact  discontinuities  may  occur.  There  are  eases 
in- which  such  s  simple  description  of  the  final 


(e)  Such  laaaeiate  separation  takes  place  If  two 
shocks  meet  or  s  shock  crosses  a  contact  discontinuity. 
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state  la  lot  adequate.  However,  In  the  present  In- 
veatlcatlon  the  aasuaptlon  la  expreasly  made  that  a 
simple  terminal  tate  as  described  will  resiilt. 


Under  this  aasu:  itlon  it  Is  pesalbie  to  find  the 

terminal  atate  Ithout  analyzlnj;  the  process  of 

penetration,  1.  .  without  intecratinj;  the  differ- 
ential equation  of  co3  dynanloa  for  this  pi-occis. 

In  3030  of  the  interactions  considered  oui"  as- 
sumption liaplle  a  nev;  phtinonenon:   sir.pie  contact 

discontinuities  nill  not  occur  but  rather  "contact 

zones";  l>a.,  o  lunns  of  constant  lancth,  (jEovlng 

ivith  constant  v  loolty  through  the  tube)  over  which 

density  and  ent  opy  vary  continuously.   In  these 

cases  our  basic  isausptlon  of  a  slraple  temtnal 

state  can  serve  anly  as  an  ap.iroxlmatlon,  Trhlch  has 

to  be  Justlfiec  ind  Improved  by  >.  more  complete 

solution  of  ths  Jlfferentlal  eqiiatlons  (e). 

It  must  be  amphaalzed  thtt  the  study  of  one- 

dlnenslonal  mot  >n  can  bo  considered  only  aa  a 

preliminary  att  >pt  at  understandln-  the"  greater 


'.-:i)  This  has  b  n  carried  out  In  a  tyolcal  case. 
(See  pace  t.). 
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variety  of  antloeo^M  phenomena  In  three  diners Ions. 
'Hie  results  of  the  present  r.eiaorandum  must  further- 
more be  confronted  more  throufhly  rlth  experimental 
evidence. 

The  InveatlGQtlon  will  te  based  on  a  convenient 
form  of  the  Ranklne  -  nuc"nl-o-  conditions  for  a 
shock  and  In  a  parallel  way  conditions  of  transition 
across  a  rarefaction  Trave.   Furthermore,  the  occx;r- 
rence  of  contect  discontinuities  makes  It  advisable 
to  Introduce  as  basic  varlaMea  not,  as  Is  customary, 
pressure  and  density,  but  rather  the  pressure  p  and 
the  particle  velocity  u,  thera\:y  avoldlnc  complica- 
tions by  chances  of  density  and  entropy.  The  re- 
presentation of  possible  states  and  tranaltlona  in 
a  (u,p)-  dlacram  makes  It  possible  to  analyze  the 
phenomenon  by  cfaphlcal  methods  (which  of  course 
have  to  be  supplemented  by  numerical  procedure  to 
obtain  precision,  not  only  qualitative  results). 
In  this  report  we  assume  a:i  ideal  £"•  ^8* 
the  method  can  be  applied  to  substances  with  a  dif- 
ferent equation  of  state. 


&ni^^^ 


1.  Shooka.  Rarefaction  7avea.  and  Contact  Dlacontlmiltlea 


The  motion  ahall  take  place  alone  the  x-axla. 
Throughout  ▼elocltlea  ore  ooimtod  poaltlva  If  In  the 
direction  of  the  poaltive  x-axls.  Particle  volocitlea 
are  denoted  by  u,  ahock  velocltlea  by  0.  The  prosaupe 
la  donoted  by  p,  the  density  by  f ,  tho  specific  volume 
by  "C  ■  P  -1.  '.Ve  asstuaa  that  a 
vol)  aeparates  tno  aectlona  ( 
having  constant  velocity,  pressure,  and  density.  The 
regions  x  <  x^ ,  "  x  >  x^,  or  generally  tho  raglona  of 
constant  p  and  n  on  tho  loft  and  right  are  character- 
Izod  by  the  subscripts  j^  ("all")  and  ,  respectively. 

Suppose  first  a  ahock  transition  takes  place  at 
tho  point  Xq.  V.'e  call  It  a  "forward  shock",  S  ,  if 
the  nartlcles  cross  It  from  r  to  1  ,  a  "backward 


ahock",  S  ,  If  the  particles  cross  It  from  1  to 

r  .  According  to  tho  principle  that  all  shocks 

are  compression  ahocica,  one  has  tho  Inequalities 


(1.1)       Pi    >    Pr 


Pi  <    Pr' 


?1    >     ?r 
^1    <     fr 


for     S   , 
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«hlla  for  the  velocitlos  one  has  In  both  coses 

(1.2)      VLi  >  Ur   for  ^      ^^    ^ 

(a  remark  quite  useful  for  the  later  dlacusalon. ) 


A  continuous  transition  froa  a  region  of  con- 
stant state  into  another  region  of  constant  state 
con  ba  affected  only  by  a  "glmElu  «ava".  I.e., 
zone  m  the  tube  for  which  one  sat  of  character- 
istics in  the  (x,t)-plar.3  is  straicht.   If  those 
charactorlatlcs  divorce  as  tins  soos  on  or  xvhat  is 
equivalent  If  the  particles  move  apart  from  each 
other  the  «ave  is  called  "rarofaotlon  wave".  (=0 . 

■>Ve   apaali  oi 

wave  R  or  R  according  to  whether  tho  particles 
pass  throuGh  the  wave  Bone  from  the  right  to  the 
left  or  frojn  the  left  to  the  rlpht  respectively. 
For  pressure  and  density  on  the  two  sides  one  has 
(1.3)     PI  <  Pr.    fl  <.  fr    f"'^ 
Pi  >  Pr.    fl  >  ^r        '"^ 


(,)  It  need  not  necessarily  or Igtr^te  In  a  dlscon-^^ 


from  an  accolorated  platon. 
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while  for  the  ▼slocltloa  one  haa 

(1.4)    Hj^  <  Up   for  R  and  R  I.e.,  In  both  eases. 

These  relations  correspond  to  relations  (1.1)  and 
(1.2)  for  shocks. 


Stmnnarlzlng  wo  can  represent  the  rolatlvo  posi- 
tion of  possible  statos  r  connected  with  a  given 


state  1  «  or  states 


connected  with  a  given 


state  r  In  the  following  dla^raEis  respectively. 


X 


y^ 


One  obaervos  that  the  quotient 
(Pr   -  Pl)/(»r  -  «1> 
Is  always  positive  for  forward  waves  end  negative 
for  backward  waves. 


titsiwOT 


':^ixc-ll-j,    '■'.-.ontnct   stirfaoaB"   sliould  be  dlafcln- 
5ulah.;df     de:er.  linE  upon  which  aide  of  tha  disoon- 
cinui';y  has    ir^  c^oatar  density,     A  "contact  dla- 
oontir.uf  ty"    vlll  ba  called  "T  <  "   if    f>^  <     P^     and 
■'?>•      if    f._y  Pj.     Tho  equality  of  prasauras  on 
ooth  oices  of  tha  discontinuity  will  lamediatoly 
r.aad     tc   incqualltios   among  quantities  that  are  de- 


tjy  pre  J  euro 


Dlntly  such  as 


.VoEolrte  tent'ici'.-.tur'o  8,  entropy  E,  and  spoed  of 
sound  cj   i.i).. 


(T>)  pT  V,  ^j,  : 


=1  <  Cp.  ej  <  8,,  Hi  <  Ey 


It  may  "lie  rotod  that  tha  two  atates  separated 
by  a  cor.tact  Eurface  are  represonted  by  the  aama 
poln1;5  ir.  tho  (v.,p)  diagrajn. 
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We  aasumc  an  Idaal  gas  with  the  adlabatlc  a»> 
ponent  "i    such  that  pj»   =  Poji   ^"  **^*  equation  of 
state  for  adlabatlc  changes,  (^  =1.4  for  the  usual  case 
of  a  diatomic  gas,   t'  ~  §  ^'"^   gnnatOElc  gases  and 

0       -     *   for  polyatomic  gases).  We  define 

3 

(2.1)  ^         r   3^  •>•  1       (y  =  6  for  diatomic  gases), 

A,  RalatlOT-S  for  shocks . 

If  the  regions  1  and  r  ore  separated  by  a  shock 
with  Taloclty  XJ,   we  obtain  from  the  Ranklno-Hugonlot 
condition  the  relations 

(2.2)  Jp  /?i       =      Ti/Tj,    =     Uvp/Pi)     where 


With  the  gonaral  notation  [f(x)J  for  the  jvoBp 

t{x-y)     -     f(Xj.)   of  a  function  f(x)   if  x^  and  Xp 


approash  the  point 


of  discontinuity  from  the  left 


and  from  the  right  respectively,  we  have  further 

(2.4)  ITK^1=    '[M-f 

(2.5)  TIpi       =     u^     -rr^y=     ui     .-Ti     Sk3 

again  as  a  consequence  of  the  Ranldne-Hugonlot  conditions. 
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Now  we  express 


In  terms  of 


using  (2.2), 


then.  In  view  of  (1.2),  we  obtain  from  (2.4) 


(2.6)     [u3=     ^■[Pj 


Pi   +    Pr 


for     S  end  S   , 

It  la  eonvenlant  to  Introduce  the  function 


(3.7).       ^^(p)   =   (p  -  p^)  y  J^-T^^ 
which  depends  upon  two  positive  parameters  Pj^  and  ^^ 
assigned  to  the  state  k.   ^(p)  represents  the  differ- 
anea  of  the  normal  particle  velocities  across  a  shock 
line  as  a  function  of  the  pressure  on  one  side  of  the 
line  when  the  pressure  pj^  and  the  density  ^^     Is  given 
on  the  opposite  side.  Consequently 

(2.8)  ^^(p^,   =  ..p^lp^)   , 

If  the  regions  r  and  1  are  connected  by  a  shock. 
More  generally.  In  virtue  of  (1.2) 

(2.9)  u^  .  u,  "j^l(Pr)|   =1  $*r(Pi) 


f  ^cf^tp) 
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Obviously,  5v^P^   *■'  *  monotone  Increasing  function 

of  p  and  Its  derivative  ^^(p)  Is  a  monotone  decreasing 


function  of  p   ,  symbolloally 

FtartharmOFe  It  will  be  useful  to  make  the  following  sln^jle 
remark  ooneemlng  the  dependence  of  ^(p)  on  k  : 
R^.T.v  1.   Tf  a       ^   f^    end    p.      ^      -  — — 


,  then 


fk^P)    >fh^Pi     f°^     P      >     Pj, 


The  curves 


(S.IO)        a    =>    -Ujj  +      *^3j(p)  ai-'d     u     =     vij^     -      f^ij,) 


Tflll  be  called  the  S-  and  S-curvea  through  k  or  the 
curves  S^  and  ^j.  raspeotlvely.  ( In  dlasrama  we  oailt 
the  arrows  since  the  positive  op  nefjatlva  slope  of  an 
S-CTiPve  la  sufficient  to  Indicate  that  It  refers  to  a 
forward  or  backward  shock  respectively).  A  graphical 
representation  of  the  possible  states  u 

::-Pp_.  If  state  1  Is  prescribed  (or.  If  state  r  la 
prescribed,  the  possible  states  u  =  " 
Is  shown  by  the  diagram^ 
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velocity  U^^  j,  g,.,,^  ^^ 
(2-11)   u 


■1  ■'  Pr  and 


Elus  if  S  s   <: 
On  the  other  hare 


^   >0     a..d  hence     V,  >  u,  >  u. 


For  peptiol 


Rarefaction  W=-, 


33  aoTlnj  aoi'oas 


a  rerefactlon  wave 


W3  have  a.laha.lc  ch^^ges  o.  ,tate  an.  hone,  t.e  relation 
(2.12)        f  /   p  ,j, 

It  la  decisive  that  for  rer3faction  -^aves  al  analogue    ' 
to  (2.6)  foliowa  .,  inte^atlon  of  the  aifferentlal 
equation  of  notion  ,  .ith  the  notation  y^    z  H.        ^-Ij 


the  change  fuj 


-  >»  P  Of  the 
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Telocity  u  across  a  slmpla  wsvo  may  be  expreaasd  by 

(2,13)   [_u]  =  +  / 

the  plus  sign  referring  to  a  and  the  sinus  sign  to 
Wa  Introduce  the  function 


(2.14)  /;^(p)  -.  ^f?TT  ,ti   rt*"S  (pt  -  pj,  . 

vhlch  also  depends  upon  t^o  positive  parametars  p   mil 

6  X     *^k  (tho  latter  la  easantlally  tlia  entropy);  then, 
coiTeapondlns  to  (2.9)  ae  have 

(a.l5)  [u]=  u^  -  u^   =  -j/i-^Pi)  5  =-V^i(P^'   . 
F.iaaLi.y  analogous  to  (2.8),  thuro  eiiats  the  relation 


«^-lS5       /-.CP,)   =-t^,(p,,  , 

1.   1  end  r  are  connected  by  a  rarefaction  wave. 

Some  useful  properties  of  the  function  )^Jip)   «?• 
/'k^P-'T  o«=»    ,  as  pf  oo 
^Ij(p)^   O    .  as  pToo 
«"^  i^(p)  approaches  the  ^-exls  tangantlally  at 

or  ^R  ,  u  ;( ^  -  iTc  2 
const,   (of.  Panel  iiamorandum)  or  u  =  ^^(  tf^**-  DTf   r 

const.   In  vie*  of  (2.12)  we  have  '^*  pi- 1  -vi  i- "2    j 

r  p         P 

honce  (2.13)  follows. 
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(2.17)  j^  =  -^^2  .  D^-^Pk   =  -(>r-  1) 


y'^^^cp) 


Ir.  addition,  wa  also  havs 


Renerk  8.  If  P,j<  1^  and  2'u  Pfc     l"^!!.  Ph  "  '  *^"^ 
Y    (p),y£/(p)  for  P  -  ^  " 


As  bafore,  the  curves 


(2.18) 


=  ^k+   /k^P^    ^'^  *  '  ''k  -\f^^^ 


will  be  ceiled  R-  and  B-  curTea  throuSi   k   °r  *ho 
ourves  9^     and  R   reapactlvoly.   (In  diagrams  we  omit 
the  arrows  since  ths  positive  op  negative  slope  of  tbe 
H-curvo  iB  auffleleat  to  Indicate  that  it  refers  to  a 
forward  or  backward  rarefaction  wave  respectively). 
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Graphically  (♦)  the  possible  states  u  =  u    -   - 

If  state  1  Is  preaerlbed  (or,  If  state  r  Is  prescribed, 


the  possible  states 
the  diagram. 


p-j_   )   are  shown  by 


■i 


Finally  wa  not3  some  releticna  between  the  functions 
^  (p)   and  y/  (p)   (n-.-.-. 


(2.19) 


(2.20) 


^k(Pk)  =  flip^)    .      ■ 


C.  Contact  Discontinuities. 

Fop  a  contact  discontinuity,  there  are  no  transition 
relations  between  the  values  of  velocity  and  pressure, 
since  across  such  a  discontinuity  these  quantities  remain 
continuous  while  only  the  density  or  entropy  suffers 
the  discontinuity. 


(«)  Branches  not  s'lown  here  would  correspond  to 
contraction  waves. 
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Rlamann' a  Problem 

In  hla  claaaloal  paper  on  "Luftwalien  Ton  endllcher 
Sohwlngungawolte"  Rlamann  dlacuaaad  a  problem  closely 
related  to  our  topic:   At  the  time  t  =  0  an  In- 
finite "linear  gas"  colunn  along  the  x-axla  la  divided 
by  the  point  x  s  o  Into  two  constant  states  1  and  rj 
It  Is  required  to  determine  the  aubaequent  atate  of  the 
gas.  Rlemann  showed  that  the  Initial  discontinuity  may 
resolve  In  either  two  shocks  moving  apart  or  two  rare- 
faction  waves  (of  the  special  character  with  charecter- 
latlca  meeting  at  a  singular  point)  or  one  shock  and  one 
rarefaction  wave.   However,  Rlemann' s  solution  Is  not 
complete,  in  fact.  In  Rlamann' s  theory  no  contact  aurf acoa  . 
are  poatulated  since  only  two  shock  conditions  are  used 
which  can  be  satisfied  without  Introduclne  lines  T  In 
the  (x,t)  plane. 

W«  ahall  now  give  a  complete  solution  of  Rlemann' a 
problem  by  a  method  that  will  likewise  be  applicable  to 
all  our  problems  of  Interaction.  The  aolutlon  consists 
In  showing  that  we  can  always  determine  uniquely  states 
l.°Vf'  following  the  Initial  situation  ,  such  that  the 
Intermediate  constant  atate  n^^  la  connected  with  1 
by  a  backward  wave,  with  r  by  a  forward  wave,  each  of 
which,  according  to  elrcumatanoea,  jaay  be  either  a  shock 
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OP  a  rarsf action  wave.   (Under  certain  clroumatanoes  no 
Intermediate  state  will  result,  aee  below  p.  19  ) . 
To  reproduce  euch  a  solution,  we  realize  what 
possible  backward  waves  can  connect  a  state  m_  rlth 
and  what  forward  waves  can  connect  m   with  r  ,   (In 
cur  general  scheme  ei^_   win  rirgc  plav  the  rola  of  r, 
then  th3  role  of  1),  liow,  fron  cur  previous  geometrical 
oonalderatioa  it  is  clerj,  that  in  e  (u,p)  dlajji-tun  all 
points  raprassnting  sach  3tai:as  which  can  be  oormacted 


with  1  oj   a  baclrjiari  wavo 


,  will  be  on  a 


"left  transition  curve"  Q  ,  consisting  of  oa  -jipper 
branch  cf  an  ^  curve  and  a  lower  branch  of  en  ii. 
curve.   Simllarily  we  have  a  rl.^ht  transition  curve  fr 
connecting  the  point  r  I'ith  other  points  representing 
those  states,  for  which  the  transition  to  r  la  effected 
by  a  forviarG  wave  R  or  3  .. 


Now  wa  simply  marlc  In  the  (u,p)  plane  the  two 
points  1  and  r  corresponding  to  the  prescribed 
initial  states,  and  draw  the  two  curves  M.   and  K 


mmv.^ 


In  the  diagrams. 


tf^^^^W^^^R 


Wo  3aattsr  where  the  l»fo  points  1  and  r  lie,  as  the 
baal-j  prcpertiea  of  'l  and  'c     ourvsa  show,  there  will 
al-jaya  bs  (a)  one  and  only  one  point  of  intersection 
except  when 

(S.l)     u^  -   (^.   1)  cp  ,  uj^  4.  (^_  3L)  c^ 

In  which  case  the  curves  'l  and  "r  both  reach  the 
u-azls  tsngentially  vrlthout  intersecting. 

According  to  the  positions  of  1  and  m  and  to  the 
values  Of  the  parameter  f^,  p^  and  f^,  p^  the  points 
of  intersection  m^  may  11a  within  the  S  or  R  branch 
on  either   '1  or  Ir  and  thus  four  posalbllltles  arise. 
(In  the  exceptional  case  when  relation  (3.1)  holds  no 
intermediate  state  m^     will  result,  as  the  process  of 
penetration  continues  indefinitely.   Nevertheless  we  may 


{<■)   The  graphical  construction  of  the  intersection 
(u»,p9)  can  easily  be  refined  or  replaced  by 
numerical  calculation. 
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read  tbe  velocities  u  of  both  ends  of  the  penetration 
sone  from  the  points  of  tangoncy  of  /  on  the  u-axla 

Lp  =  o3).  «•' 

If  there  la  a  regalar  Intoraeotlon  m^   ,  end  If  at 
least  one  of  the  two  resulting  waves  la  a  shock,  we  shall 
find  In  general  [by  (2.2)]  two  different  values  f^^ 
ar.d  5'^   for  P   1"  »»  aaoordlng  to  whether  we 
ietermlna  P   by  a  transition  f  rcn  the  left  or  from  the 
right.   Thla  must  be  interpreted  by  the  occurrence  of  a 
Boatftot  discontinuity  T,  whose  lEOtloa  (or  direction  in 
the  ( I, t) -plane)  is  given  by  the  velocity  u^  . 

The  advantage  of  consldarlng  p   and  u  as  Indo- 


aro  obtained  as  a  by-product.   (They  need  nob  be  intro- 
duced from  the  outset). 


Of.  -  Panel  Menorandume 


'.   Interactions. 

The  basic  problem  of  Interactions  ia  the  following: 
given  three  constant  states  1,  m,  r  separated  by  two 
or  by  T  ,.  the  waves  should  move  In  such 
a  way  that  they  Intersect,  destroying  a. 

We  assune  that  after  a  period  of  penetration  a 
terminal  stato   1,  m^,  r  results,  1,  r  being  the 
case  as  before,  la   being  the  new  mldclo  zone  of 


ccnstant  Tjressure 


and  voloslty 


,  while  the 


denaity  J        Is  pernltted  to  vary  disccntlnuously  or 
even  continuously  from  particle  to  particle  in  n   o 
It  is  further-  assumed  that  m   is  separated  from  1 
by  e  backward  wave,  and  from  state  r  by  a  forwai'd 
snvs.   The  problem  solved  In  this  memorandum  is  to  da- 
teriElna  the  state  m   and  the  two  waves  connecting 
_   _••.,-  -.   jjj^^  p^  As  to  the  penetrctlon  process, 
its  possibilities  will  be  discussed  only  In  a  qualita- 
tive manner , 

The  Initial  situation  is  to  be  characterized  by 
five  independent  quantities =   In  case  the  three  states 
are  separated  by  shock  or  rarefaction  waves  wa  choose 
the  three  pressures  p, ,  p  ,  p   and  in  addition  the 
velocity  u  and  the  density  f   for  one  of  the  states. 


(»)  It  may  be  mentioned  that  the  problem  is  essentlall 


For  a  change  In  velocity  of  one  state  only  implies  a  trans- 
lation.  Furthermore,  a  change  In  the  pressvire  and  density 
of  one  state,  keeping  the  pressure  ratios  fixed,  implies 
only  a  corresponding  change  in  the  scales  of  pressure, 
density, and  velocity. 
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'jllhan  all  oth.!-  quentltlaa  j»^  and  u^  era  limns  dl  ate  ly 
determined  by  the  transition  conditions .   The  Telocltlea 
of  the  separating  ahocks  or  the  valoeltlea  of  both  ends 
of  rarefaction  waves  are  also  determined.  The  five 
quantities  are  restricted  only  by  the  condition  that 
the  initial  state  should  Isaa  to  a  collision,  I.e., 
that  region  m    should  shrinl:  to  zero. 

In  the  case  of  e  contact,  discontinuity  not  p 
but  j>   is  to  bo  prescribed  on  both  sldss  of  It, 

la  any  case  mo   know  the  states  1  and  r  ,  The 
tor-mlncl  aiddle  shate  m^  U   then  dator-mlned  both  fror. 
ths  states  1  End  r  and  frcni  the  ojcciition  r/.iat  tw 
transition  la^  be  baclcward,  and  rin,  be  forward.   The 
situation  13  exactly  bhe  ssno  as  in  lilansnn's  problem. 
Consequently  the  state  b^   is  uniquely  determined  , 
Section  5. 

The  difference  to  Riemacn's  problem  consists  in  the 

the  regions  1  and  r  . 


penetration,  (•.g.,  they  are  not  If  two  rarefaction  wares 
ooUlde).  On  the  other  hand  the  states  1  and  r  in  the 
present  problem  cannot  be  chosen  arbitrarily  but  are 
connected  with  each  other  through  the  original  middle 
state  m  .  (Two  Independent  states  would  be  character- 
ized by  6  quantities,  while  here  only  5  are  prescribed). 
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The  typo  of   tbo  resulting  new  •navaa  dopands   r.3 
la  Slamann'a  problem  on  tho  ralatlvo  poaltilon  oi  the 
polEta     1,     r     In  tha   (a.pj-dlaarem  torjatiier  with 

, 1 »^,  .  Inssmuoh  as  thoao  two  states  era  dapandant 
on  ths  Stat-}  je  In  Vae  prosw^:;  problem,  the  type  of 
ta3£e  new  waves  will  d«pand  or.  tl'.e  Irl'-.tel  tit.ittion 
l.i-..  .   ca  ttjo   statos     1,  e-.j   r     and  blif  ^;yp9  of  oiMfiln.il 


■'.'?   s.V'all  nov;  proceed  '.-.o  c.ar.oribf    t'.\e  Tfi'lci 
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■  " 

S.   Head  on  'olllslons. 

5  A.   Collision  of  Two  Shockn, 

A-Tsune  a  ^  froi  reclon   1   nnd  a  iS  from  r 

aove  tcwtrd  each  oblier;  In  t"il3  cp.3e 

(5.1)           Pn  <  PI  ,■  an-!  p^  <  p-p. 

It  l3  easily  ssen  that  thla  cor.dltion  Is  the 

only  restriction  on  the  Intlal  data  In  the  case  of 

two  shock  waves  aovin;;  toward  each  other.   The  relative 

position  of  the  states  1,  ra,   r  la  ano'in  In  the  dlarram. 

-?    /*■ 

'f^s  yc   /^ 

'?o  fl3t  ths   Ideas  we  assume  further 

(5.2)  Pl         -         Py. 

The  transition  curves  'j^  through  1  and  ' 
throuch  r  Intersect  In  the  upper  branches  of  "roth 
and  that  therefore  the  two  new  transitions  are  shocks. 
This  nay  bo  expressed  ayabollcally  by 


mwM 


1    3 „p 

irtiere  the  contact  dlocontlnulty  occurlng  tn  the  middle 
roc'l-on  njjj  la  Indicated  by  T. 

To  aee  that  this  construction  is  pcsatble  note 
that  a  point  of  Intersection  of   £  and   ^  wotad  be 
on  the  upper  or  S-braneh  of  /^  since  ty  aastcnptlon 
Pj  -  Pj,  and  Uj^  >  Up  (cf.  (1.2)).   Further  froB  remt.rk  1 
In  section  2  one  sees  that  the  slopes  du/dp  of  the  S 
-c-iirvs  throuf-h  t.   Is  larcer  than  that  of  the   S-curve 
throiigh  r  provided  P  >  P  .   This  aakes  it  cleor-  that 
the  S-curve  thra-ach  r  passes  the  point  1  at  its  Isft 
side  whence  the  atateaent  l3^;3edietely  rollers. 

After  u„  and  p,.,.  are  detjtr'niir.od  one  octalns  tho 
eshcoic  velocities  U-j^,^  and  n^^_.^  and  the  two  donsttlea 
5,..  and  ^'  _  . 


?or  the  resaltlnr 


follo'alnc  In- 


equalities can  easily  be  prc/ed  (aee  Appandlx  A  2) 
(5,3)         Ub  >  Uj„  If  pi  ^  pp  . 

This  neana  that  the  stroncer  shock  (from  the 
left)  will  Inparfc  to  the  middle  zone  a  -eloclty  In 
Its  own  direction,  nhlch  la  plausible.   Another 
relation  is 
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(5-4)  p.;f  ^  PlPr/P.T.        °^ 

PyPi  <  P/P„  .   P,/P^  <  Pi/P„: 
thla  can  be  Interpreted  that  ahocks  after  penetrating 
each  other  have  weakened  each  other.   It  may  be  men- 
tioned that  In  case  of  a  aymetrloal  clash,  p  -  p  , 
the  relation  p  /p  ,  la  given  by 


PjPj_   = 


(/"^alPi-Pm 


It  then  la  clear  frora  the  dlarran  tiat 


P.  A  < 


(r-2)Pi  -  p„ 


If  p^  <  p 


This    eatlaato    (5.6)   la  better   than    (5.4)   If   p  /p 

r  in 

Is  large.   Indeed  (5.6)  implies  the  upper  limit 


P^/Pj^  <  (AS) 


(  =  Q  for  dlctonlo  gaaesj 


which  is  approached  If  p  /p  —Aoa- 

1     a 

A  further  relation  ia 

f^-'^)       ^1.  *  i'r.  ^^  Pi  <  Pr   • 
This  relation  ahowa  that  in  the  middle  region  the 
shock  reverses  the  relative  aacnitudea  of  the  den- 
alties^a  result  which  la  intuitively  not  ao  obvious. 
In  particular.  It  ahowa  that  the  two  denaltles   'l,, 
5  j^.  are  alwaya  different  ond  that  there  la  alwaya  a 


RESTRICTED 


contact  discontinuity  In  b^  with  the  only  exception 
that  the  two  exterior  states  were  equal,  that  Is  that 
the  Initial  situation  was  symmetrical. 


\  / 

\  / 

N  / 
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If  two  R-wavea  ore  fnolne  each  other  orlclnaHy 
we  have.  In  view  of  (1.3), 


Pn.  >  ^  '  ^  • 


R-waves 


to  move  toward  each  other.   Proa  (3.4)  we  also  have 

„   Therefore  the  relative  position  of  the  states 
1,  r^,    :•  l3  indicated  in  the  (u,p)  diagram 


The  transition  curves  'i  and  P^   throueh  1,  r  sect  In 
the  lower  R-branches  (unless  the  stitea  1  and  r  satisfy 
the  condition  of  cavitation  (3.1)).   This  follows  Im- 
mediately from  Henark  2  In  section  2  (p.  13),  by  virtue 
of  the  Tact  that  1,  m,  r  have  the  aaiae  entropy.   The  re- 
suit  Is  that  In  the  terminal  state  two  rarefaction  waves 
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^,   R  :aove  away  f  rD:a  each  other.     Obviously  there  will 
te  no  contact  dLscontlnuity  In   the  reclon  ^,. 


Syrnbollaa 

yi     n  — 
-»     «- 

The  ter 


w  the  Initial 


state  abruptly,  but  only  after  a  period  of  penetra- 
'"  Indicated  in  the  (x,t)-dla- 
plcture  represents  correctly  the 
aclution  of  the  underlying  eas-dynaalcal  differential- 
equation  problem  can  be  proved  on  the  basis  of  the 
theor;,-  of  characteristics. 


we  derive.  In  vlsw  of  constant  entropy 
(5.10) 
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the  right  mamber  being  positive  unless  the  condition 
(3rl)  la  satisfied,  as  Is  easily  verified. 
Clearly,  since  the  entropy  is  constant. 


(5.12)    u.  = 


(5.13) 


"^    <    ^ 


For  the  sound  velocities  of  the  «ida  of  the 
rarefaction  waves  one  finds 


(5.14) 


•^  °r  >  " 


U.  + 


eparato  memoranduin) , 


Wa  consider  the  case  that  a  R-viave  ^   and  a 
shock  4  meat.  The  ralativa  positlona  of  tho  states 
1,  m,  r  Is  aa  In  the  dlagron,  tho  only  conaition  or 


(5.15)       Pi  >   Pm  >  Pr  • 

Tha  tL-onaitlon  curve  {\   throueh  1  dooa  not  pass  be- 
tween n;  and  r.   It  crosses  the  Xlna  p  «  Pr  to  tho 
rlfht  of  r,   this  follows  froB  Remark  2,  soctlon  2 
(p.  15),  since 

p„  c  Pi  .       -r„P„V/  <  T,Pi^/' 

alnco  shock  incraaaoa  entropy. 


The  transition  cvirye  p,  through  r  dooa  not 
pass  between  m  and  1,  It  orossoa  the  line  p  =  Pi  to 


the  rlEht  of  1,  this  fo 


2,   since 


Pr    <     Pm'  fr    <     Pm* 

consequently  the  point  *     U  on  the  lc«or  branch  «f 
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j^  and  on  the  upper  branch  of  Pj,  I.e.,  tho  ro- 
BultlnE  waves  are  a  ^  and  a  ^. 

This  reault  applies  to  tho  terminal  state. 
The  actual  process  of  penetration  may  be  described 
aa  follows:  The  shock  will  enter  the  zone  of  rare- 
faction, thereby  continuously  chancing  velocity  and 
Intonslty,  until  It  reaches  tha  constant  tormlnal 
state.  Those  particles  ohlch  have  crossed  tha  shock 
during;  the  pentratlon  process  will  have  suffered 
different  changes  in  density  and  entropy  and  there- 
fore will  constitute  a  "contact  rone",  i.e.,  a  zone 
in  which  the  density  does  not  vary  dls continuously 
across  a  contact  surface  but  continuously. 
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Our  aaaiiTiption  of  a  constant  presai-ira  ami  velocity 
in  the  tori-nlnal  state  Inpllos  that  all  partlclas  in 
this  nona  aovo  •.vith  the  aana  voloclty,  a  situation 
which  iB  soTnpatiblo  -.ilth  tho  aquations  of  notion 
of  Ran  (lyr.ar.lco  if  v.'e-  tako  into  account  tho  possi- 
bility of  a  non-ccnatant  entropy. 

Ho-.voV3r,  whoth^jr  or  not  such  a  tarmlniil  stats 
Bith  a  "stationary"  contact  zona  actually  can  result 
fron  tho  procoss  of  psnatratlon  is  a  quostion  to  bi 
docided  by  a  oonplota  analysis  of  tho  f,as-d\T.anical 
diffai-sntlal  aquations  for  tho  process  of  ponatra- 
tion=   Our  assur.ptlor.  of  a.   stationary  contact  zona 
Tiill  ba  valid  only  approxlmotely.  A  cor.plete  In- 
veatlration  Is  plnr-nad.   So  far,  it  has  boor,  proved 
for  a  woak  incominc  H-wave  that  in  tho  first  ap- 
proximation tho  ansulnf-  contact  zone  la  actually 
stationary,  while  it  flidena  lilca  a  rarofacticr.  zone 
in  tho  socond  approxlrcation. 

The  situation  as  dascrlbod  hare  can  be  easily 
understood  from  tho  (x,t)-diaerain.   In  symbols  tha 

procasB  is  doacribed  by 

S    R  R    T  T 

(T  T  boinj-  tho  symbol  for  contact  zonosoj 
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Thoro  ara  four  caaos  of  auch  Intoractlor.a  ac- 
cordiHE  towhathor  a  shock  or  a  rarefaction  wave 
antars  a  zone  with  rroator  or  lower  dorslty.   In 
throo  of  thosa  caaao  our  procauurs  yiaida  Imncdl- 
utaly  a  result  which  Is  likely  to  rapreaant  tho  ac- 
tual phoromena.   In  tho  fourth  caao  a  mora  complicated 
procaas  of  ponotratlon  muct  be  assuned-. 

Casos  C  A:   ^^  T  <   and  6  £:  S  ^  ^   ^ 
can  be  considorc-d  jointly.   In  th-j  (u.p)-dlac;rain  the 
polnto  a  and  r  coinoida,  but  tha  iurvos  S„  and 
connectlnn  this  point  with  tha  point  1  and  n,-.   re- 
spectively dlffar  frox  each  ether.  ..s  aaan  froE  Re- 
mark 1.  tho  curve  fj,  passes  to  tho  laft  or  tha  rlfht 
of  the  point  1  according  to  whether  P  >  (*   or 
fr  <  ?m   respectively.  Tho  point  r^  in  which  pj  and 
f^   intersect  ius  accordlnf-ly  on  tho  S-bpanch   In 
caso  (6.1),  and  on  the  R-bronch  Ir  case  (G,3),  I.e., 
In  case  6  A  tho  transition  from  1  to  m,..  is  a  "ra- 
floctad"  boclcward  shock  wave,  while  in  case  6  B 
rarefaction  wavo  Is  reflactod.   In  both  easea  tha 
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Just  as  simple  Is  the  caao  6C,  R   T  <  ,   Here 
the  oupve   /^  through  the  point  m   -  r  passes 
the  point  1  to  the  right  and  the  point  b;^^   is  on 
the  H-branoh  of  /^  .  Consequently  the  transition 
frcm  1  to  m,  is  a  reflected  rarefaction  wave, 
while,  naturally,  the  transition  from  p  to  bi,^  la 
a  tpansmltted  rarefaction  wave.   The  reflected  wave  la 
coEparatlvely  •weak,  at  least  If  the  densities  J'jj  and 
Jp  do  not  differ  too  niuch,   Synbolioally 


R   T< 


H   T    H 
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In  oaaa  6  D  of  a  rarefaction  wavo  Jf   onterlng  a 
roglon  with  a  lower  density,  the  dlscusalon  on  the 
baala  of  the  (u.p)-dlagraB  yields  corraspondlncly 
that  tho  ctirve  P,,  through  n  3  r  passes  the  point  1 
to  the  left  and  then  the  point  n^^   will  he  on  the 
S-branch  of  fj,.  This  would  Imply  that  tho  transition 
of  1  to  iB»  la  effected  by  a  backward  shock  wave 
while  a  rarefaction  wave  la  transmitted  Into  the 
region  r.   However,  It  seems  quite  unllkoly  that  a 
reflaotad  shock  should  develop  Immodiately.  It  Is 
rather  to  be  expected  that  an  Inverted  rarefaction 
wave,  1.0.,  a  contraction  wave  la  refloctod  (cf.  pp  6,  15) 
The  new  middle  state  m^*  between  the  forward  rare- 
faction wave  and  the  backward  contraction  wave  la 
represented  by  the  Interaectlon  of  the  curve  py 
not  with  the  curve  f\  but  with  the  upper  branch  of 
the  y-curve  through  1,  which  ao  far  waa  dlaregarded. 
(of.  p.  16). 

It  la  clear  that  tho  contraction  wave  will 
eventually  reault  in  a  ahock.  In  the  process  of  the 
development  of  this  terminal  ahock  another  forward 
rarefaction  wave  and  a  contact  lona  will  arise.  When 
the  ahock  has  become  atoady  a  region  m«ni  between 
this  ahock  and  tho  second  rarefaction  wavo  results 
which  according  to  our  assumption  la  characterized 


RESTRICTED 


by  constant  pressure  and  Telocity,  this  state  >>|hh» 
corresponds  to  the  Intersection  of   /^  and  that 
o^arre      fj^^^  -=  i^  through  the  point  18,^,  which  la 
detormlned  by  the  entropy  on  the  left-hand  side.  The 


and  lead  to  a  reflected  contraction  ware  In  a  similar 
way  as  before.  A  sequence  of  such  Interactions  will 
eaaua  which  appears  to  become  weaker  and  weaker:   It 
may  be  surrdsed  that  they  will  assju^jtotlcally  approaeh 
the  terminal  state  n»  which  would  have  been  obtained 


by  t-.he  si 


;and^ 


Again  It  should  ba  atated  that  o\ir  aaaumptlon  leading 
to  a  stationary  contact  zone  la  doubtful  aa  In  caae 
5C,  and  that  only  a  nore  detailed  analyala  of  the  gaa- 
dynamlcal  differential  equations  can  decide  the  exact 
Off  approximate  validity  of  thla  aasinnptlon.  However, 
such  an  analyala  seems  rather  difficult,  and  our  dis- 
cussion -of  the  case  6B  muat  altocether  ba  considered 
as  an  argument  of  approximate  plaualblllty. 


7.  Overtaking  of  Waves. 


Of  greater  Importance  than  tranamiaaion  and  re- 
flection of  waves  on  contact  surfaces  is  the  problem 

irialng  when  two  shoolc  or  rarefaction  waves  facing  in 
the  same  direction  follow  each  other.  When  observed 
from  the  intermediate  sone  the  leading  wave  travela 
with  sonio  or  aubaonio  velocity,  the  follow-up  wave 
with  aonio  or  auperaonio  velocity.  Consequently  the 
follow-up  wave  will  overtake  the  leading  wave  unlesa 

both  are  rarefaction  wavea,  which  remain  aeparated  by 

a  zone  of  eonatant  length. («} 


7  A.  OvertakinE  of  Two  Shock  Wavea. 


First  we  conaider  the  caae  that  two  forward 
ahocka  follow  each  other.  After  eollialon  always  one 


(»)  Incidentally,  it  followa  from  theae  remarks  that 
no  diaoontlnuity  can  resolve  Itaelf  into  more  than  two 
ateady  wavea.  For,  ahould  three  wavea  occur,  then  at 
least  two  of  them  would  face  in  the  aame  direction  and 
thua  would  overtake  each  other. 
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forward  ahock  wave  will  result.  Honevor,  tha  ra- 
floctod  tiacloiard  wave  may  be  a  ahock  or  a  rarefaction 
wave.  As  von  Nounaxm  has  already  observed  It  will 
always  be  a  rarefaction  wave  If  /  ^  S/Z,  or 
u  ^   4,  which  la  the  caae  for  air  but  not  for 
BonatoBlc  gasea.  If   if    >     S/S,  a  ahock  will  be 
reflected  for   certain  initial  pressure  ratios.  In 
all  cases  the  new  middle  zone  m,  will  be  divided  by 

a  contact  surface. 

To  establish  these  statements  we  again  consider 

tho  ('a,p)-dlagraffl.   It  is  dear  that  the  assumed 

situations  of  two  forward  shocks  Impllas  tho  Inequall- 


Pr  <  Pa  <  Pi* 


The  point  m  is  evidently  on  the  transition  curve  f^ 
through  r  while  1  la  on  the^-ourve  through  the 
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point  m.  To  construct  the  point  »  wo  imiat  lnt«r- 
a«ct  the  left  tranaltlon  curve  Pi  through  1  with  P^,. 
Kvldently  the  point  iii»  la  on  the  i 
thlD  means  there  will  he  a  transmitted  forward  shock 
botwoan  r  and  m.;;..  and,  for  that  nattor,  a  stroncor 
shock  than  the  original  shock  between  r  and  m.  To 
decida  whether  the  backward  wave  is  a  shock  or  a 
rarefaction  wave  we  Investigate  on  which  side  of  the 
point  1  tho  curve  f^  paasoa.  As  ^111  bo  shown  in 
Appendix  A3,  for  a'  i,  5/3  the  curve  fj  always  passes 
to  th3  rlGht  of  1;  thsrofore,  in  this  caao,  a  rare- 
faction wave  is  always  reflected  Irraspectivo  of  tho 
initial  pressure  ratios.  Symbolically 

"       '    "       ~  "  If   /  i,   5/3 


If  />     5/3 
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Next  we  eonslder  the  phsnomanon  of  a  parefaotion 
wars  followed  by  a  sbook  ware  In  aymbola:  ^  R  .  In 
tba  (u,p)-dlagraia  the  point  m  la  on  the  lower  or 
B-branoh  of  the  ourra  (^  througlti  r  ;  the  point  1 
la  on  the  upper  branch  of  the  3  curve  through  m. 
Iha  piece  (m,r)  of  the  curve  f^    la  at  the  aame  time 
a  aaotlon  of  the  R  curve  tbrou^  m  .  Aa  shown  In 
the  appendix,  the  upper  part  of  the  R-curve  through 
a  point  Ilea  above  the  upper  part  of  the  S-curve 
through  thla  point,  provided  ^  S   5/3  ,  which  wo 
ahall  assume.  This  leads  to  the  ecmoluslon  that  f^ 
Ilea  above  the  3- curve  through  a  .  The  point  m» 
on  Tj,  will  be  on  the  R-  op  S-braihch  of  f^  depending 

ron  the  poaltlon  of  the  point  1  on  3™  ,  I.e.,  on  the 
atrength.  of  the  shock  (ffl,l).  The  situation  becomea  aome- 
what  clearer  If  with  a  fixed  ahook  (b,1)  we  consider 
for  the  rarefaction  wave  cases  of  different  intensities. 
This  means  that  on  the  (u,p)-dlagraa  the  points  m  and  I 
on  3-  are  fixed  while  the  point  r  may  be  chosen  at 
any  point  of  the  curve  Rgj  tfarou^  ■  .  The  curve  I 

_  through  the  point  1  la  alao  fixed  iriille  the  curve  1 
throo^  r  dependa  on  the  poaltlon  of  the  point  r  , 
ranembeplng,  faowevep,  that  the  R-branch  of  V],     la 
alwaya  a  aeatlon  of  R^  .  The  point  ■»  will  be  the 
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In  -:hi3  fJ.i'st  cose  of 


neali.  rBrgfaction  weve  a  shock 


i.i    ■.ranajnifctetl,   soiuswhat.  waaksned  as   Is  natural.     If 


50l-0ld3S    Tilth 


no  wavs  at  all  Is  ^^ranamlttad. 


■J.'h3  only  phenomenon  In  addition  to  the  rofleotlon  is  a 
00:1 -.ajt  zone.   If  J?   is  abo^e  the  point  r  ,  the 
polafc  ;n.;,.,^  alnayo  coincides  ulth  r^..     This  can  bo 
ln'-,orpr8tad  as  follows:   The  process  of  r  of  lection  lo 

sx.ijtly  as  in  the  Intermediate  ces^   (r  -  r„l    "ha*- 


07  ;;is  rei'lectod  vfiiyo.   The  r-smaining  psrt  of  the  in- 
aoa:ln3  raralaction  -ff&ve  is  transnitted  without  interforencs 
th:-oiish  the  Interaction.   Obliterating  ths  finer  features 
o:T  tho  reflection  process,  wa  h=ye  sjnibolioally 


Of  paz-tloulai-  interest  la  ..ne  case  where  the  piston, 
oi-ijlnally  at  rest,  la  retracted  at  constant  speed  and 
thon  suddenly  arrested.  A  rarefaction  »  ava  leaves  the 
pi3-ion  at  the  moment  when  the  retraction  starts,  and  a 
subsequent  shook  leaves  the  piston  at  the  moment  when 


it  is  arrested.  The  state 


then  corresponds  to  the 


original  state  of  rest,  the  state  m  corresponds  to  the 
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r  " """■ '""  -'■".'  0... „. 

"Co        Shock    Cver.«:r,l,.-    v_    „ 


-    .M3    type    0.  inte.3.U.a  a.X   rcu.   =o.Mna.l,., 
-r.^.  ena  ..eU^ar.  wave...    ,.3.    „.,    ^  ,,,„_,  ^ 

point,     1     ^d     ^     respectively. 


— Rftv. 
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Tbeae  two  curvas  start  at  the  point  in  with  tha 
aame  tangent  and  eurvature.  The  compllcatlona  of 
the  dlaeuaalon  arise  from  the  fact  that  they  Intersect 
•aoh  other  again  In  the  lower  hranehea  If  ^  ^  5/3, 
(t1«.,  where  pVPa  =  .27  for  ^  -  1.4).  (See 
Appendix  A4) . 

Suppose  the  point  r  lies  on  S_  above  the  In- 
tersectlon  (Pj./p„  >  .27),  then  as  easily  seen,  the 
curve  f^  remains  above  a^  below  the  point  m  .  Thus 
It  Is  clear  that,  depending  on  the  position  of  1  on 
R  p  the  point  m^  Is  on  the  3-or  R-branch  of  /^  . 
As  a  result  a  weak  shock  Is  reflected  while  the  trans- 
mitted wave  Is  a  shock  or  rarefaction  ware. 


.          ■       'Z^rrr::    " 

\^^>y^^ 

_^^rr: 

- — iiir 

Again,  a  reflected  shock  must  ba  understood,  as  In 
preTloua  dlacuaslons,  to  result  frcn  a  reflected 
contraction  wave.  3lnee  It  Is  possible  that  the  point 
F  could  be  aituated  below  the  R-curve  through  m, 
'Sr/Pm  <  »27),  it  follows  that  a  rarefaction  wave 
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may  be  rarleotsd;  In  such  oases  the  ;r!insnilttod  wava 
again  may  be  either  a  shock  or  a  rarafaotlon  were. 
Our  statement  that  the  psfleotod  wava  Is  a  rarefaction 
wave^  howeirer,  neoda  soma  qualification.   Ths  (u,p)- 
dlagram  refers  only  to  the  wave  as  a  whole.  I.e.,  to 
the  relation  batwaan  the  states  ah  t.iaip  ends.   J.t  la 
conoelTable  that  such  wa7e3  contain  ocntractlng  parts 
as  wall  as  sxpandlnf;  parts  (e.g.,  Ij"  the  piston  Is 

I,  then  aco-j.^.,.  ^v--;  =.ii> 
decelarated)  -  ^?he  contracting  part  o."  coarsa  then  770uld 
load  to  shocks  within  the  wave.   A  more  detailed  inspec' 
tlon  of  the  roilectlon  proceas  makes  It  llkaly  that  the 
reflected  "rarsfactlon"  wave  in  the  present  cases,  contain 
contraction  zones  near  to  their  head  l.e,,  the  end  toward 
which  they  are  directed. 

A  few  mora  remarks  concerning  the  transmission  and 
reflection  should  be  made.  Under  spacial  cl::"oafl.3tanob8, 
as  In  case  7B,  the  two  original  waves  cojnponaato  each 
other  so  that  nothing  Is  transmitted;  viz.  if  In  the 
(u,p)-dlagram  the  Ri-ctirve  interaeo';s  (^    in  the  point 

.   Our  diagram  sui;gasts  an  ayen  more  radical  possibility 
to  occur  If  the  points  r  .  and  1  coincide  with  the 
intersection  of  Rja  and  Sj,  :   the  two  waves  extinguish 
each  other  ccapletely  so  that  neither  a  transmitted  nor 
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a  reflscted  wave  reoUts  but.  cnly  a  contact  zone,  with 
a  non-oons-:ant  danslty,  entropy,  and  tenperaturo.   It 
18  mors  Hkely  that  the  actual  phenomenon  oonaista  i-athar 
In  a  rafiocted  wnve  containln.ir  contracting  and  expanding 
paints  3uch  that  pressure  and  velocity  at  both  ends  of 
the  wave  are  the  3aice..  Nevarthelesa,  we  mention  nu- 
merical values  fee-  this  slnsula.-  phonomanon:   p^  =  p, 
'   (  S7)p^   ^.  ^^,   -  U-,  =   X,  .  u^  ,   (1.06)c^  ~ 
-»:i3ri;   Or   13  ^.hs  opsad  of  sciu-.i  in  the  raglon  r  .   In 
s  tute  ta-5  svsnt  coulc  bs  proi^cad  by  first  moving  the 

■ovsthat  of  aojnd  Into  the 
undisturted  atmospharo  and  th^n  by  suddenly  arrssting 
it.   It  should  be  afcetec,  ho^9v3r,  that  this  phenomenon 
will  probably  elude  experimental  verification  at  any 
rate,  for.  If  u^  .  ^^     ^   ^^^   ^tio  polnta  p  and  1    ^ 
will  bo  close  to  each  other  and  hence  to  m^     when 
the  ratio   (u^  .  Uj,)/cj.  varies  over  a  wide  marsln. 
This  appeora  from  the  fact  that  the  _R^  and  _S^-ourvea 
through  n  nearly  coincide  along  a  ] 

Three  cases  for  u^ .  =  u^  (arrested  platen) 
are  shorn  in  an  (x^tj-dlagram. 
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v.:j.oc.it;    (ind  tho   to^jn:.  vnicc/.tlerj   icr    iio!;:.  aiUar 
^jlf    fiuDESbrI:  il  ■:.:nr.tva.:ti.ca-. 


K-:^^! 


^•*'-.    I:. 


-.    -ic  fo-.utt      (ij.,   ?^>      and     (r..,    p    )'     In  <::io      (u,p)- 
d:-.igrEji,   -.jgirg  any  leretliE    <u>    ,       <;;p>     tc  .•o.pr'eaar.t 
the  units  of     u     sad     p   .,  raapoclilvsly;     Or.  the  strne 

(■•irt  d;p's   roprosenting  th.» 
ujilt  of  6  Sy  the  langtn  <  C  >»     <  u  >  '/<^p  ^   , 
Tliroush     CUj,,  '^^)     wj,  ct-op  th»  perpendicular  to  the 
chord     (n);   ita  Interoopt  on  the     u-Enas  Is  tho  ahcck 
valcolty     TI^^  .     ihls  sfcatamont  folloTa   Imraedlately  from 
P'Jlatlon  (2.11)  when  It   is  wrlttan  In  tt.e  form 
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Wlien  the  point  1  approaches  the  point  r  along 
the  4j.<jnrTe,  the  ahoek  Telocity  will  approach  the  sound 
Telocity  u^  ♦  „^  ,  ,ij,„  „^  ^,  ^j^^  ^^^^  ^^^^^^ 

Accordingly,  ahan  we  drop  through  (u  ,  ^  )  the 
perpendicular  to  the  taigent  of  theJ-curTe  at  r  , 
we  Obtain  the  sound  Telocity  u^  +  ^'r  -  the  Inter- 
cept on  the  u-axla.  This  statenent  la  also  easily 
Terlfled  since 


^M   = 


=    ^r/«. 


Of  the  sound  Telocity    u,  +    o^    n.  Identical  to  that 
of  the  preceding  case  except  that  the  R-ourTC  through 
*     U-tttUlsed  in  t4ila-caae»    The  Terlflcatlon  foUowa 
lanadlately  trcm 


/':(?_)  = 


=    t-^/c,       . 
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In  aastlon  5A  of  this  report  several  unproved 
statements  were  mode  scncernlng  the  Katheicatlcal  fraa-.., 
work  employed  In  the  discussion  of  the  head-on  cclUslor. 
of  two  shock  waves.  These  statements  will  be  proved  In 
the  present  appendix,. 

First  of  ai:.  we  shall  show  that  the  particle 
velocity  u,  is  greater  than  u^  If  the  pressure 
^1  >  Pp  »  (5.3),   Pt-om  the  relations,  cf.(2.10). 


u»   -   u 


1  -'     -^i'P»)   u. 


-  ^   =  ^r'P.) 


by  employing  (2.8),  we  find 


(A2.1) 


-I-%  =  -^m^Pl)  -  «?.(P.)   =f,(pj>^(p,) 


(A2.a)   u..u^  =  n^^^Pl)  -  ^,(Pr)  -H  ^.<P,)  -  f.(p^,J 

But,  In  virtue  of  the  monotone  character  of  ^^  (p) 
since  It  Is  assumed  that  p^  >  p^   ,  j^  f„,i^„  ,^^„ 
(A2.2)  that  u^.  ;>  u    , 
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Secondly,  the  relation  (5«4),  viz.,  p,  <  P^Pp/Pj,  > 
will  b«  proved.  We  denote  by  Pj,  the  quantity  Pj^Py/p_ 
Then,  by  a  sljrple  calculation. 


"r  fi 


f/p='  =J  £  ^  f..... 


since,  cf.(2.2), 

V^m  =  '^(Pr/PmU  Pr/P»  . 
whenever   P^  >  P„  ,  "«  ha'»   ^r^Po'  >  ^«^Pl'  »  "»* 

similarly    5^x*^o' >  ^m^Pr^  *  Conseqjiently, 

f,<Po'+^l«Po>>f„tPl)  +  ^.^V,' 
or,  from  (Afd) 
(A2.3)    f^(p„)  +<$'i(Po)>fr(p,)  +  fi(pj.  . 

If,   now,     Po     -     P«     I   then,   in  virtue  of  the 
monotoniclty  of    ^'k^P^    •  ""  •O'lld  *»*»• 

fr^Po)     ^-      fl(Po>       ^      fr(P.)    +^llP.)      • 

The  latter  statement  contradicts  (AS. 5);  henc* 

Po  >  P*  »   in  other  words, 

U2.*)  P,  <   PiPr/p„   . 
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PlnallY,  In  ordar  to  Invaatlgate  tha  oomparatlva 
Mgnltudas  of  the  denalftlea  ^^^     and  /    in  tha 
Blddla  raglon  aftar  tha  collision,  we  aat 

Introducing  the  function 

X(x)     -     h(p  /x)  Ux/v)     , 


(A2.5) 


h.  =   f.:>^«Pi)  .  ^,,-=  j-^X^pj 


How,    the  function    '/.{a)     haa  the  following  simple 
ppopertlaa,^  which  result   Inmedlately  from  thoae  of     h(x) 

X(x)     >  1         for     X    >    0     , 

")^*(x)    ^5^0         according  aa     x  ^  fpp  , 

IC^^^   -    X(t)      .   If  and  only  If     xy     c     p  p^     , 


Xc»)  <  Vr-    .  « 


:  <  y     and     xy  <  p„p^, 
cr 


Since  it  was  asaucad  that   pj^  ^  p    j  It  followa,  In 
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vi.-tua  0°      (A '..4;        bhat 


>^^P::XX'^:'      • 


■-::!     (AS.;:) 


I.   J.      C7-?rt?k:;ii=  cf  1 


In    'Shs   d:.acj.sslon  of   r^cfcloir   '.-;•.,    73n  iseu 
statemsnt  that   fna  peflac.tsd  wava  wl".,  el  seya 
rr-rsiBctior.  viave   if  J^    ^      5/3      ,.    cr     -i^' •-      < 
aentlonsci       A    shoi't  proof   .■;111  ta   f-'^'^i'-  h'jr'O 


Consider   a  point     m     on  the     S-cii'vs  throagh  r 
point     r      In  the     (UjC)   plane.     All  t'-uit  ,iced  bs  proved 
is   that  the  contl:iued     S-curve  throii.'?;i     a:     remains   above 
the     S-carve  thrjuah     r    .     We  Esy  ext^'oss   this   stataEsnt 
as  follows: 

UZ.l)     f^lp)>     *^^(PJ  +  f Jp)    ,    for     p>p„>p^>0 
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P/Pa,     and     y     s 


to  (2.2),  «a  may  wppess  7" 


Pr/Pm  »  then,  according 
5^  ,  oocuprlna  In  . 


By  tha  Intrpductlon  of  the  function 


g(x,y)  =  (x-y) 


^7   +    1 


wa  have 


f^-  1)^?^ 

Pm      q:. 

—r. — =5?Tr- 

IB 

S(3c,7)    , 


3(x,l)    . 


Hanee,  the  statement  (A3.1)  aim  be  written 
S(x,y)  >  g(i,y)  4- ;g(k,i)     5 

or.  since   g(i,i,  =  ^  ^  -e  need  only  px-o^e  the 
'"^lO'liiS  •tatwaent  equivalent  to  (A5.1)  : 

for  0<y<l<x   . 

Obviously,  In  order  to  demonstrate  (A3. 2)   it  is 
sufficient  to  show  that 


(A3.S) 


-^    < 


for  0<y<l<. 


•Ifo  find  that 


Kfwsas.^ 


The  numerator  can  be  regrouped  In  the  following  form: 


^^'(2^'  -2^ 


-  a    (X  -  y) 


X  -  l)(y  -  1) 


This  expression  la  obviously' negative  for 
0  <  y  <  1  <  X  ,  lf/(  >  4   ,   TbuaVoa  Neu:nann' , 
statement  is  proved.  _  :I 
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For  the  discussion  of  the  overtaking  of  a  shock  wava 
by  a  rarefaction  wave  In  sections  7C  and  vlce-Tersa  In  70 
It  was  necessary  to  know  the  relative  positions  of  the 
R-  and  S-otirves  throui;h  the  same  point  In  the  (u,p)  plane; 
1.9.,  to  know  whether  or  not   ^j^tp)  ^  'V'^tp)   • 


With  the  notations  x     ■  p/p.   , 


(A4.1) 


we  have 


(^-  1)  P^  2^^    ^(n/Pjt) 


>k^P)  -  y  t^-  l>Pk  '^ic   t^(p/p^) 


Dlfferentlatlna     (A4.1),  wo  find 

4 

^ '                                                                             -S/2        - '                               I 
^(x)     =     4(2+^     +^x)ll+^x)            ,   <|  (1)  =  (1+^)  * 

• 

y'(x)   =     (n-^r*x-'^''^'-''<^\     '(Jn).n^r^ 

\ltSTrT't\l 

9 
If    ^>  4,    then     i<^>   S^+  1     ond  henco 

'  $      (1)    >        \j/     (1)    .      Thus,    If        0<    X  -    1      Is 

sufficiently  small,       $   ( r/.    <      Vj/  (x)    .     Kcwever, 

for/^>    4  J  (0)7     Ij/fO!    .      Hence   the  funstlcna 

$  (x)     and     "hjlx)    ,   and  therafore  the  curves     u  :  9- (p) 


*nd     u  -   -^if^P)      Interaeot   between     x  =   0     end     x  -     1, 
or     P  »   0     and     p  -   p^     reapeetlvaly.      i3y  calculation  It 
was   found  for  y*  s   1,4     tnat   this   ruippeus   naa.r     x  -    .27. 
This   la   the  result  that  was   used  In  s action  7C . 


RESTRICTED 


for  X  >  X,  <{^>  4,  1.9.,   the  <y-  andjf    -ourrea  do  not 
Intorsoct  for  x  >  1,  ^^4. 


RESTRICTS 


In  thl,  section  ,e  present  craphlcally  and  numerically 
a  »peclal  e.Ta.-nple  of  the  head-on  colllalon  of  t,o  shocks. 
The  pressure  ratios  of  the  collldlnc  -hooks  are  assumed 
to  be   p^/p^  ,  3  a„^  p^p_^  ^  2.  ^^^   p„„^^  ^„ 

the  resulting  olddle  region  1,  then  found  to  be  p,  .  5,37  p  , 
The  fleure  on  the  next  page  Is  -elf-explanatory;  the   ° 
various  particle,  shock,  and  sou„d  velocities  Indicated 
In  the  figure  ware  found  by  the  Graphical  construction 
explained  in  Appendix  1.  ^e  result,  of  a  numerical  cal- 
cultttlon  are  tabulated  below; 


Pr/Pm  e  2, 00 
Pl/Pm  r  3' 00 
P»/Pn  =   5,37 


(^  "  Ur)/on,  B  0o5l6 
{"»  -  Uji)/cn  -  0.336 


f^ml  -     u«)/c„ 


=  1.18 


=    o.egfci^o-    s  1.44 


RESTRICTED 


This  book  may  be  kept 

FOURTEEN    DAYS 


A  fine  will  be  chari^cd  for  eacJ 

tlay  Ihe  book  is  kept  overtiine. 
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